DELIQUESCENCE IN SMALL SYSTEMS
In a macroscopic system deliquescence implies the coexistence between the solid solute and saturated solution divided by an interface. The interface contributes a positive free energy that the system would like to remove by developing completely into one or the other phase. However, the driving force behind this process is small because the excess free energy is small relative to the bulk free energy. In contrast, when the total system consists of a small drop the relative free energy of the surface is large, so the system fluctuates between solid and liquid states in a process more like a chemical isomerization for which the rate is determined by a free energy of activation related to the interfacial free energy. These fluctuations have already been observed in computer simulations of the "melting/freezing" of small argon clusters and several theories have been advanced to describe this process 1 ' 2 . Under these circumstances the deliquescence pressure cannot be determined in the conventional manner, i.e. by the equating of the chemical potentials of the two phases, because there is no coexistence equilibrium. Instead, we derive an expression for the free energy G A , of the system consisting of the dry particle and the surrounding vapor, which takes into account the surface tension of the particle and the pressure of the vapor, P vap . Similarly, we derive an expression for G B , of the system consisting of the vapor and the drop resulting from deliquescence, in which the surface tension of the drop now appears. The deliquescence pressure, /^', is then determined by i.e. by the pressure at which the system can fluctuate to either state with equal probability. G fl is a function of the pressure and the composition of the drop at P^ can be obtained from the Kelvin Relation 3 . Since it is almost impossible to fine tune the pressure to the point where the fluctuation can be observed, the alternative is to locate the pressure of the deliquescence transition.
To quantify, magnitudewise, the dependence of deliquescence pressure on particle size we develop our expressions for G A and G B using only the most elementary formulation of interfacial thermodynamics. For simplicity we assume that the crystal is spherical with a radius r c , so we can write (2) on,
where N is the total number of solvent molecules in the system and r\ is the number of solvent molecules in the resulting drop. n 2 is the number of solute molecules in the crystal and the drop, since it is involatile. The surface tension of the drop, <J, will depend on the drop composition, as will its area, a. fa and ju 2 
If it is assumed that the vapor is ideal and that the solution is ideal and dilute then the following standard expressions for the chemical potentials can be used:
where /£is the vapor pressure of the bulk solvent and S = P vap /P°is the supersaturation. jrf and /4 are the chemical potentials of the pure bulk solvent and crystal respectively, while;c 2 is the mole fraction of the solute in a bulk saturated solution and x l and x 2 are the mole fractions of the solvent and solute in the drop. Substitution of Eqs. 6 through 8 into Eq. 
The vapor pressure of the volatile component of the vapor-drop system, is given by the Kelvin relation 3 
where r is the radius and v l is the partial molar volume of the solvent, of the drop. Eq. 9 requires that the vapor be ideal and that the involatile solute be present in dilute proportion so we may use x { as the thermodynamic activity. The geometric quantities of Eqs. 8 and 9, r,a and a , can be expressed in terms of the partial molar volumes, v p v 2 and /of the solvent and solute in the drop, and of the crystal respectively, and, «j and n 2 . Using these along with Eq. 9, in Eq. 8 we obtain an expression in which n 2 is the only unknown. Solving this equation and using the result in Eq. 9 we obtain the pressure of deliquescence, P va e p for a particle of size n 2 . The vapor pressure of the bulk saturated solution, P v ™, can be determined by substituting ^ = 1-JC 2 in to Eq. 9, so that we may use the ratio R =. deliquescence process.
P™
as a measure of the surface effects on the
Deliquescence of a Generic NaCl Crystal.
To examine the general features and orders of magnitude, of the surface effects on the deliquescence process, we calculated R as a function of n 2 for a generic crystal and drop with simplified thermodynamic quantities 7 ( fig 1) . In particular we assume the surface tension of the drop to be independent of the composition. However, where possible we have selected the thermodynamic parameters to be similar to a NaCl-H 2 O system. For very small particles the surface tension of the crystal has a significant effect on the deliquescence pressure. Smaller values of cr c produce an increase in the pressure required for a particular size crystal to deliquesce. As the crystal becomes larger than 10 7 particles the surface effects have all but disappeared. The maximum that appears for the smallest surface tension is due to competing effects of Raoults law 2a) . As the surface tension of the crystal increases along with the concentration of the solute, the Kelvin relation can no longer compete with Raoults law and the maximum disappears. Fig 1 also shows that R goes to zero at some crystal size for each value of o c . Particles smaller that this will always deliquesce, even in a vapor of vanishing density (fig 2b) . This is simply a result of the enormously increased solubility of the crystal due to its surface tension.
The size of the surface effects on the deliquescence pressure of these small crystals suggests that they may be utilized in methods for determining the surface tension of soluble crystals such as NaCl. One possibility is to suspend an aerosol of small particles over a bulk solution master solution of known vapor pressure and to observe Raleigh scattering. The intensity of the scattering should dramatically increase at the deliquescence pressure, where the particles abruptly change size. If this occurs for extremely small particles, soft x-ray scattering would be necessary. An alternative method involves the measurement of particle mobility, which is likely to change dramatically upon deliquescence. The use of fig. 2b provides an immediate upper bound to o c if a particle of a known size is seen to remain undeliquesced in a vapor of vanishing density. Still another possible experiment involves the comparison of deposited NaCl aerosols that have and have not been exposed to water vapor, by electron microscopy 8 .
